A quasidegenerate perturbation theory based on multiconfigurational self-consistent-field (MCSCF) reference functions is derived. The perturbation theory derived here is for multistate, where several MCSCF functions obtained by the state-averaged MCSCF method are used as the reference and an effective Hamiltonian is constructed by perturbation calculation. The energies of states interested in are obtained simultaneously by diagonalization of the effective Hamiltonian. An explicit formula of the effective Hamiltonian through second order is derived as well as general formalism, and is applied to calculate potential curves of the system Hz, Be-HZ, CO, NO, BN, and LiF. The results agree well with those of full configuration interaction or multireference single and double excitation configuration interaction methods for both the ground and the excited states.
I. INTRODUCTION
Many-body perturbation theory (MBPT) has been utilized as a convenient way of taking account of electron correlation beyond Hatree-Fock approximation. In particular, its single-reference version' seems to be fully established. Mdller-Plesset perturbation method,2 up to the fourth order, is equipped as a standard tool in program systems such as GAUSSIAN (Ref. 3) or HONDO (Ref. 4) . However, the application of the single-reference manybody perturbation theories (SR-MBPT) is limited only to the system where the Hartree-Fock approximation is a good starting point. It cannot describe open-shell molecules, dissociation to open-shell fragment, and transition state of chemical reaction.
Quasidegenerate perturbation theory5-' (QDPT) has been developed to be applied to open-shell systems and excited states. Although much effort has been made to develop the quasidegenerate perturbation theory, it is not widely used among chemists. The major reason is that the QDPT often provides incorrect potential curves, since the perturbation series frequently diverges owing to the existence of intruder states. " From the mid 1980's, multiconfigurational selfconsistent-field (MC-SCF) reference perturbation theo-I&"-'~ have been proposed to overcome the defects of the single-reference PT and the quasidegenerate PT, and some of them seem very promising. In fact, they have many advantages; ( 1) it is size consistent, (2) it yields fairly accurate results compared with traditional highly correlated methods, (3) it can be applied to the open shell and excited states, (4) it is stable on the wide region of potential surfaces, and (5) it is more efficient than other multireference based methods.
In the present paper, we propose a multistate perturbation theory based on several MCSCF wave functions, where several functions obtained by the state-averaged MCSCF method are used as the reference and an effective ') Present address: Department of Industrial Chemistry, Faculty of Engineering, University of Tokyo, Hongo, Bunkyo-ku, Tokyo 113, Japan.
Hamiltonian is constructed by perturbation calculation. The states of interest are obtained by diagonalizing the effective Hamiltonian.
The MCSCF reference quasidegenerate perturbation theory retains all the advantages ( l)-( 5) of the previous MCSCF perturbation theories. Furthermore, it has the following advantages over the MCSCF perturbation theories: ( 1) the solutions interested can be obtained simultaneously, (2) it can be applied to degenerate or quasidegenerate systems, and states where the root flipping occurs, and (3) the interstate matrix elements, such as transition dipole moment, can be calculated in the same manner to obtain the effective Hamiltonian matrix in the energy calculation.
The organization of the present paper is as follows. In Sec. II, general formalism of MCSCF reference quasidegenerate perturbation theory and an explicit formula of the effective Hamiltonian through the second order of the perturbation are derived. In Sec. III, the present theory is applied to several systems HZ, Be-H2, CO, NO, BN, and LiF, and the results-are compared with those of full CI or multireference CI methods. Conclusions are made in Sec. IV. The total Hamiltonian is first split into
where Hc is an unperturbed Hamiltonian and V is a perturbation. We assume that the Schriidinger equation for the unperturbed system,
provides a complete set of eigenfunctions { 1 r)) with corresponding eigenvalues (Et") . The exact eigenfunctions { 1 WJ) can be expanded by the basis set { I r)) as IYi)= CCrIr).
-
The zeroth-order wave functions (reference functions) in the present theory, which define P space, are stateaveraged complete active space self-consistent-field (CASSCF) wave functions for target states (i). The complementary eigenfunctions of the CAS CI Hamiltonian (ii) and the CSF's generated by exciting electrons out of the CSF's in the active space (iii) are orthogonal to the reference functions and define Q space. These functions are used as the basis set to expand the exact wave functions for target states. For convenience, we further denote the MC-SCF space spanned by functions (i) and (ii), and its orthogonal complementary space spanned by functions (iii), R space and S space, respectively. Hereafter, Greek letters, capital letters, and lower case letters, are used to denote multiconfigurational states, single CSF's, and general states, respectively.
Since the Hamiltonian with the aforementioned basis is diagonal in the active space (R space), the following relations are satisfied: 
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where (H.c.) stands for Hermite conjugate terms. Explicit formulas at the lowest few orders are
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x[3ww)+w~9~lIP) + WC.), (23) etc., where RS and RQ denote resolvent operators for the S space and the Q space, respectively, and are defined for an arbitrary operator A as 
10 (else). Equation (4) was used to obtain the third-and the fourthorder effective Hamiltonian. It is noteworthy that, up to the third order, the effective Hamiltonian is expressed by only the states in P and S space. Thus full diagonalization of the MCSCF Hamiltonian is not necessary to obtain the second-and thirdorder energy.
To formulate the perturbation theory uniquely, we must defme the zeroth-order Hamiltonian. It is useful if the zeroth-order Hamiltonian is a sum of one-particle operators, since the zeroth-order energies are immediately obmined as sums of the eigenvalues. However, the MCSCF orbital is not an eigenvector of a one-particle operator, so that diagonal part of an operator, which is analogous to the Fock operator, is used:
Ho= C f at a 3 -C ~pa$pc, pq~ P4 PO 4 P4-W-3 PU where ep is defined as the orbital energy. The label (T denotes the spin label. As the matrix fpq, we adopt (27) where PrI denotes state-averaged one-particle density matrix.
There still remains an arbitrariness in choosing the MCSCF orbitals because the CASSCF energies are invariant under the rotation in doubly occupied, active, and external orbital spaces. The canonical Fock orbital set"-13 which leads the partially diagonal form in each space of fpq and natural orbital set14-16 which leads the diagonal form of the one-particle density matrix have been used so far. In the present paper we used both the orbital sets.
Finally, we mention the size consistency of the present theory. From diagrammatic treatment, it was proved that the perturbation theory with the unitary normalization is size consistent through fourth order of the effective Hamiltonian, and is not from the fifth order.8 However, this fact is not so disappointing, since rapid convergence is expected in the MCSCF perturbation theory, and thus such higherorder terms are not required in many practical calculations.
B. Explicit expression for the effective Hamlltonian through second order
It is easy to show that the effective Hamiltonian up to first order Z$" is equivalent to the CAS CI in the ref-
erence space { 1 a)3 and is given by
(aI~~~-')IP)=SnSE~csCF,
where 1 A) and EycscF denote the CSF belonging to the active space and the MCSCF energy, respectively. From Eq. (21) the second-order effective Hamiltonian is written as the sum-over-states form,
where ) 1) denotes the CSF belonging to S space. Equation (30) is further reducible to the sum-over-orbitals form, if we use Eq. (28) 
where E,, and Epq,rs are one-and two-particle generators of the unitary group, respectively, and are defined by (33) m7 ' Substituting Eqs. (28) and (3 1) into Eq. (30), we obtain
E p,-~q,+~,r-eE,r+EB where Eg) and Eb") are the zeroth-order energies of the CSF I B) and the state Ifi), respectively; that is,
Ep'= c, (PI EppIPkp, P
where pp is the occupation number and (p I E;td I B)-the averaged occupation number. The set of suffix in the summation {p', q') where {i, j), (a, b) , and {e,f) denote doubly occupied, active, and external orbital labels, respectively. Before deriving the fkal form of the second-order effective Hamiltonian, we redefine the one-particle perturbation operator by upq=upq+ c r2(Pqlw---(P~l~q)l, i (37) where the s&ix i runs over doubly occupied orbitals, and define the difference between Eg' and Eg' by
Ordering the generators in Eq. (34) to normal products with only active orbital labels, we obtain
Ea,-6i+Ebt -eq+ AEBB + c UI-'Jpq,rsI B) 
The Epq, rs, tu is the three-particle generator defined by (a', b') run 'over both active and external orbitals, and the sufhx of the generator ( p, q, r, s, t, u) run over only active E pq,rs,tu= E ai at izi cm'd' pu rd to"aud~aso~aqa. The orbital labels {i, j), (a), and {e) are for doubly occupied, active, and external orbitals, respectively, and orbitals. The present method has some computational merits as compared with the MR-CI method. First, neither diagonalization of large matrix nor solving large scale linear equation is necessary. Second, the larger block-diagonal part of the Hamiltonian, Hee, is not necessary. Thirdly, the integral transformation for the two-electron integrals with three and four external orbital labels is not necessary. Since the codes of the present method and of the MR-CI method were not fully optimized, the comparison of the computational time is not so meaningful. However, the CPU time to compute Eq, (39) is less than or almost equal to the time of one iteration in the MR-CI method, which suggests the efficiency of the present method.
Ill. APPLICATIONS
The present method was applied to several molecular systems for illustrating its performance. The results will be compared with those of full CI or multireference CI method using the same basis set and the same reference space. The target states were the lowest two states in the same spin and symmetry.
A. Hydrogen molecule ('Xi states and 3XEu+ states) 38,f Calculations of potential curves for 'ZZ'g+ states and states of the hydrogen molecule have been performed using triple-zeta plus polarization (orbital exponent 1.0) basis set.i7 The orbitals, lo*, la,, 2as, and 2a, were chosen to be active, which are necessary for proper dissociation of the lowest two states of 'Zg' and "2:. The total energies at some selected internuclear distances are shown in Tables I(a) and I(b). These tables show that the present method provide very close energies to those of full CI method for both the ground and excited states. For 1 '2: state, the CASSCF description was poor near the equilibrium structure; the deviation at r= 1.4 bohr was 14.7 mhartree. The present method reduced it to 1.6 mhartree (for the canonical Fock orbital). For 38z states, compared to the largest deviation of the CASSCF, 2.5 mhartree, that of the present method was only 0.5 mhartree. About 85%-90% of the dynamic correlation has been recovered by the present method. Table II shows the spectroscopic constants for the bound states, i.e., X 'Xi, E 'Xz, F 'Ez, and e32$. The present method provided very close values to the full CI results. The deviations for X '2: state, for example, were only 0.0025 A, 0.044 eV, and 29 cm-', in the bond length, the dissociation energy, and the vibrational frequency, respectively.
C,, Insertion pathway for BeHP
The potential curves of the perpendicular (C's,) insertion of Be into HZ were calculated. Many works18-20 have been done for this system for some reasons. First, several contigurations are necessary to describe the reaction, and thus it is suited to test the reliability of multireference based methods. Second, the system is small enough to allow us to carry out the full CI calculation. The geometries and the basis set were identical to those in Refs. 20 and 21. The orbitals 2al, 3a1, lbl, l&, 2b2, and 4al were active, and lal, which corresponds to the 1s orbital of Be, was optimized in the CASSCF calculation, but frozen in the perturbation calculation. The results are shown in Table III (a) with those of multiconfigurational coupled cluster method'g'20 (CCMC), quasidegenerate many-body perturbation theory (QD-MBPT) ,21 and full CI method.'g120 The potential curves are illustrated in Fig.  1 . From Table III it is estimated that the present method yielded 77%-88% and 72%-90% of dynamical correlation energy for the ground and the excited states, respectively; and the percentage averaged over the geometries and the states is 80%. In the CCMC method, 45%-98% and 67%-88% of dynamical correlation were reproduced for the ground and the excited states, respectively; and the average is 79%. We can say that the present method is comparable to the CCMC method as for energy. However, the present method is more efficient, since in the CCMC method, the reference MCSCF ( 18 CSF's) wave function was optimized for each state and coupled cluster equation was also solved separately; on the other hand, in the present method, state-averaged CASSCF (37 CSFs) was performed to construct the reference states once, and the two states were obtained simultaneously in perturbation calculation. We note that the state-specific 18-CSF MC-SCF energieS used in the CCMC calculations were lower than those of the present state-averaged 37-CSF CASSCF for the excited state. The 18-CSF MCSCF ground state energies were not given in Ref. 20 .
The quasidegenerate perturbation method21 overestimated the correlation energies. At geometries d, e, f, and g, this method gave good results; however at geometries a, b, and c, the errors were greater than those of CASSCF. Single-reference-state MCSCF PT, full CI, and MCSCF reference QDPT potential curves in avoided crossing region for LiF, where "CASSCF PT(ave.)" and "CASSCF PT(opt.)" denote single-referencestate MCSCF PT using state-averaged CASSCF orbital and that using state-specilic CASSCF orbital optimixed for the ground state, reqectively.
In Table IV , the vertical excitation energies are shown. The present method improved the CASSCF excitation energies at all geometries, while the other methods did not at some geometries. This indicates that the present method provides reliable estimates for, not only the absolute value of energy, but also the relative value.
C. CO (X '8+ and B '8+), NO (X *II and B *II), and BN (X 311 and A "Ii)
The potential curves of CO, NO, and BN were calculated using double-zeta basis set,22 which is 'the [4s2p] Dunning contraction of the Huzinaga (9s5p) primitive set. Although the basis set is small, it is sufficient to check the performance of the present method. Since the full CI calculation is difficult to be performed, the multireference single and double excited CI (MR-SDCI) method using the same orbital and reference space was employed for comparison.
In the CASSCF calculations, six orbitals (3a, 40, In; and 2~) were used to construct the active space for CO and NO, and seven orbitals (2a, 3a, 4a, In, and 27r) for BN. The la core orbitals and its corresponding virtual orbitals were not correlated in the present and the MR-SDCI method in order to reduce the number of CSF in the CI method. The potential curves in the region r,-2.07, are illustrated in Figs. 2, 3 , and 4. In this region, the deviations of the CASSCF energy from the MR-SDCI results were 0. lO-0.11 hartree for CO and NO, and 0.05-0.08 hartree for BN. These were reduced by the present method to 14, 8, and 12 mhartree for CO, NO, and BN, respectively. The 81%-99 % of the error from the MR-SDCI results has been recovered by the present method.
In many cases, the relative energies between merent geometries or different electronic states other than the total energy itself are important to characterize the potential curves. In Table V , vertical excitation energies are shown. The results of the present method agreed well with the MR-SDCI data. The difference was less than 3 mhartree. To estimate the shapes of the potential curves, which is crucial for dynamics, we further examined the change of the error along the bond distance, and found that the present method gave the improved potential curves where the changes were smaller than those of CASSCF. In the present method, the changes of the error were 7, 6, and 7 mhartree for CO, NO, and BN, respectively; on the other hand, they were 19, 23, and 30 mhartree in the CASSCF method.
D. Ionic-neutral curve crossing in '9 states of LiF Finally, we investigated ionic-neutral curve crossing between the two lowest *Zf states of LiF as an example of a system which complicated by root flipping due to strong interaction. Bauschlicher et al.23 studied this system with full CI and MR-CI methods. We also calculated potential curves of the two lowest states in the ionic-neutral curve crossing region using the present theory and the singlereference-state MCSCF perturbation theory for comparison. The basis set used was the same as that used by Bauschlicher et aL23 Active orbitals were 40; 5a, lrr, and 27r orbit&, which corresponds to F(2pa), Li(2s), F( 2~77)) and Li( 2prr), respectively, in the dissociation limit. The orbitals la, 2u, and 30 were frozen in the perturbation calculation. Only the canonical Fock orbital was used.
Results are shown in Table VI and Fig. 5 . The singlereference-state MCSCF perturbation theory using the state-averaged CASSCF orbital did not yield correct potential curves, since the two curves are crossing. The two energies at 9.5 bohr and 10.5 bohr are in the reverse order to those of CASSCF. On the contrary, the present method gave correct potential curves, and the maximum error from full CI energy was 4.1 mhartree for the ground state. (For the excited state, results by the full CI method have not been reported.)
The difference between the two diagonal elements and the off-diagonal element of the effective Hamiltonian are shown in Fig. 6 . From Fig. 6 it can be seen that the offdiagonal element is very large ( -2 X 10v2 hartree) . If we apply the single-reference-state MCSCF perturbation theory with state-averaged MCSCF orbitals, which is equivalent to the diagonal elements of the effective Hamiltonian, such strong interaction cannot be taken into account. On the contrary, in the present theory the interaction can be included as the off-diagonal element of the effective Hamiltonian naturally.
The single-reference-state MCSCF perturbation theory using the CASSCF' orbital optimized for the ground state yielded good results. The maximum error was 3.6 mhartree, which is nearly equal to that of the present method. However, for the excited state at all geometries shown in Table V , CASSCF itself did not converge. Both the singlereference-state MCSCF perturbation theory based on stateaveraged CASSCF and that based on state-specific CASSCF failed to describe the excited state. It is noted that the present method could obtain both of them.
IV. CONCLUDING REMARKS
A quasidegenerate perturbation theory based on MC SCF reference functions has been derived. The theory retains all of the attractive features of single-reference-state MCSCF perturbation theory and, moreover, has the advantages of traditional quasidegenerate perturbation theory as ( 1) several states interested in can be obtained simultaneously, (2) it can be applied to the degenerate or quasidegenerate systems, and (3) the interstate matrix elements, such as transition dipole moment, can be calculated in the same manner to obtain the effective Hamiltonian.
The formalism of MCSCF reference quasidegenerate perturbation theory has been presented and the working expression for the second order effective Hamiltonian, which has been reduced to molecular integrals and orbital energies, has been derived. It was applied to several systems as Hz, Be-H2, CO, NO, BN, and LiF; and it was shown that the present method yields good results which agrees well with those of full CI or MR-CL In particular, in the case of LiF, the single-reference-state MCSCF perturbation method could not provide both the ground and the excited states, while the present method could give both.
The present perturbation theory can provide several solutions even if they interact strongly, and the results are fairly good. Moreover, computational costs of the present method are much smaller than that of MR-CI. We expect the MCSCF reference quasidegenerate perturbation theory is useful in the wide region of the calculations for electronic state.
In forthcoming papers, the CSF based calculation of the MCSCF reference QDPT with Epstein-Nesbet partition24 and dipole and transition dipole moments calculations will be presented.
